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EFFECT OF SHEAR FLOWS ON CRITICAL FLUCTUATIONS IN 
FLUIDS 

P.G. DE GENNES 
CollSge de France, 75231 Paris Cgdex 05 

(Submitted f o r  publication September 28, 1976) 

A shear flow distorts the equal time correlation 
functions <Imklz> for a fluid system with order pa- 
rameter m y  just above a critical point. We analyse 
this effect here for the case where m is not a con- 
served quantity : physical examples may be found 
with the transition smectic Cc+ smectic A or possi- 
bly smectic A<+ nematic. We find an important, ani- 
sotropic,reduction of fluctuations of wave vector 'k 
where kE '9 1 provided that ST > 1 (where 5 is the 
correlation length and T the relaxation time of the. 
uniform mode). 

Critical fluctuations have low relaxation rates. Thus, 
in liquid systems it may be possible to achieve velocity 
gradients s which are comparable to these rates. Then, as 
first suggested by BergGI, the fluctuations may be signifi- 
cantly reduced by shear. For instance near a demixtion 
point the fluctuations of wave length h / k  comparable ta 
the correlation length 5 show relaxation frequencies of 
order2 

110, = kgT/6.rrn53 

where T is the temperature, q the viscosity, and k 
Boltzman's constant. For 17 = 0.1 poise and 5 = I008 A 
1 - 1  - % 25sec at room temperature : shear rates of this ma- 
Or 
gnitude are easily achieved in Couette flow. 

as usual in dynamical critical phenomena3, the essential 
feature is the existence (or absence) of a conservation law 
for the order parameter m(q,t). For the most usual critical 
points in a fluid phase (e.g. demixtion, or liquid gas, 
transitions), 1 m dq is a constant of the motion. But some 
more exotic transitions, such as smectic C to smectic A .or 
smectic A to nematic5, there is no conservation law. It 

i s  

We have attempted a simple analysis of these effects : 
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92 P. G .  DE GENNES 

t u rns  out t h a t  the  ana lys i s  i s  cons iderably  simpler f o r  
t h e  l a t t e r  case  : t h i s  i s  the  o n l y  one t o  be discussed i n  
t h i s  no te .  

Consider f o r  ins tance  an A < +  C t r a n s i t i o n  with smectic 
l a y e r s  f ixed  i n  o r i e n t a t i o n  and p a r a l l e l  t o  t h e  x y  plane.  
The order  parameter has two components QX and $y descr ib ing  
two modes of  t i l t  f o r  t h e  molecules.  Above t h e  c r i t i c a l  
po in t  w e  assume t h a t  @ i s  ru l ed  by a l i n e a r  t ime dependent, 
Landau Ginzburg equat ion .  
shear  flow p a r a l l e l  t o  t h e  l a y e r s  

Consider f o r  i n s t ance  a simple 

v = s z  v = v  = o  
6 X Y Z  

and w r i t e  t h e  equat ion motion f o r  + E m(8,t )  i n  t he  form 
Y 

(1) 
am m 2 - + - -  D v m +  U . V m =  
a t  T % 

Here T i s  t h e  r e l axa t ion  t ime o f  t h e  uniform mode, and 
D = c 2 / T .  The t h i r d  term descr ibes  convect ion,  and @ i s  a 
random source ,  with c o r r e l a t i o n s  f ixed  by t h e  usual  r u l e s 7  

<Q(&, t l )4) ( r2 t2)>  = 2kgTcX/, 6(&,,>6(t12) (2) 
where x is  t h e  s u s c e p t i b i l i t y  a s soc ia t ed  with m;  both x and 
T diverge  near  T,. In our  Van Hove approximation8 x and T 
have t h e  same divergence.  More gene ra l ly ,  e q s ( l , 2 )  may be 
r e t a i n e d  f o r  small  wave vec to r s  (k[ < l ) ,  even i f  t h e  c r i -  
t i c a l  exponents o f  x and T a r e  non c l a s s i c a l .  In t h e  f o l -  
lowing we s h a l l  u se  eq(1)  f o r  a l l  wave vec to r s :  t h i s  i s  
e s s e n t i a l l y  equiva len t  t o  a n e f i c t  o f  t h e  small  exponent 
i n  both s t a t i c  and dynamic p r o p e r t i e s 9 .  
mains v a l i d  i n  shea r  flow: 
a l l  convect ions o f  @ have no e f f e c t .  

Note t h a t  eq(2) r e  
because of t h e  f a c t o r  6 ( t l - t 2 )  

Introducing Green's func t ion  G ( r l t l  r 2 , t 2 )  f o r  t h e  opera 
t o r  a c t i n g  on m En eq(1)  we may wri te  

m ( r l t )  = ! -m d t 3  ! d r 3  G(31)$(3) 
and f o r  t h e  equal  t ime c o r r e l a t i o n  func t ion ,  a f t e r  i n s e r t i o n  
o f  eq (2 ) ,  we ge t  t 

<m(r l t )  m( r2 t )>  = 2kgTcx/? !-m dt3!dr3 G(31)G(32) ( 3 )  

The funct ion where (3) r ep resen t s  (&3,t ) and t l  = t 2  = t .  
G(.t;3 0 I r1 0 )  r ep resen t s  t ?e  spreading  of a po in t  source 
from po in t  .f;3 dur ing  t h e  t ime 8 ,  under t h e  e f f e c t s  of d i f -  
fu s ion ,  cap ture  (through t h e  r a t e  l/r) and convect ion.  
T rans l a t iona l  invar iance  imposes t h e  fol lowing s t r u c t u r e  
f o r  G: 
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SHEAR FMWS ON CRITICAL FLUCTUATIONS IN FLUIDS 93 

K (5) is the spreading function for a particle starting for 
tEe origin and moving through the distance p, with the spe- 
cification that the velocity field vanishes at the origin. 
It can be shown thatK8(p) is gaussian, and that it's mo- 
ments obey the equations- 

Solving f o r  the moments, and going to the Fourier transform 
K(k> we get 

Returning now to eq(3) we find (after some manipulation) 
that all phase factors due to the terms like ev(r ) in eq 
( 4 )  drop out, and we get simply I" 1.3 

Consider first a wave vector normal to the flow lines 
(kx = 0) : then f 
Zernike form 

* Dk28 and we recover the Ornstein- e 

-. 
On the other hand, when k is parallel to the flow lines 

% 

When ST is small we again recover the Ornstein-Zernike 
form. But when 
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94 P. G .  DE GENNES 

t h e  l a s t  term i n  t h e  b r a c k e t  of e q ( 8 )  dominates  and t h e  
c o r r e l a t i o n  f u n c t i o n  i s  s t r o n g l y  reduced 

T h i s  unusual  law cou ld  i n  p r i n c i p l e  b e  tes ted by l i g h t  
s c a t t e r i n g  expe r imen t s .  

a 'Van Hove approximation" f o r  t h e  c r i t i c a l  dynamics.  T h i s  
approx ima t ion  s h o u l d  b e  n o t  t o o  bad f o r  systems where 
m i s  n o t  conse rved  and n o t  coupled s t r o n g l y  t o  o t h e r  
conserved q u a n t i t i e s ' :  
C+A t r a n s i t i o n  (where backflow effects  do n o t  a l t e r  t h e  
g e n e r a l  s t r u c t u r e  of  t h e  modes i n  t h e  o rde red  p h a s e ) .  On 
t h e  o t h e r  hand €or t h e  A p o i n t  o f  he l ium (and p robab ly  a l s o  
f o r  t h e  A-tN t r a n s i t i o n )  t h e  o r d e r  pa rame te r  i s  s t r o n g l y  
coup led  t o  flow v a r i a b l e s  and o u r  d i s c u s s i o n  is u s e l e s s .  

We must emphasize a g a i n  t h a t  t h e s e  r e s u l t s  depend on 

t h i s  i s  t h e  s i t u a t i o n  found i n  t h e  

ACKNOWLEDGEMENT: The i d e a  o f  a p p l y i n g  s h e a r  f lows is due 
t o  P. Berg6, and t h e  a u t h o r  is s t r o n g l y  indeb ted  t o  him 
€or  v a r i o u s  r e l a t e d  d i s c u s s i o n s .  
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